A simple chemistry based three-dimensional Direct Numerical Simulations (DNS) database of freely propagating statistically planar turbulent premixed flames with a range of different values of Karlovitz number Ka, turbulent Reynolds number Re t , heat release parameter τ and global Lewis number Le has been used for the modelling of the curvature term of the generalised Flame Surface Density (FSD) transport equation in the context of Reynolds Averaged Navier Stokes (RANS) simulations. The curvature term has been split into the contributions arising due to the reaction and normal diffusion components of displacement speed (i.e. T 1 ) and the term arising due to the tangential diffusion component of displacement speed (i.e. T 2 ). Subsequently, the subterms (i.e. T 1 and T 2 ) of the curvature contribution to the FSD transport have been split into the closed (i.e. T 1r and T 2r ) and unclosed (i.e. T 1ur and T 2ur ) components. It has been found that T 2 remains deterministically negative throughout the flame brush. However, the qualitative behaviour of T 1 changes significantly depending upon the values of Ka, Re t and Le. Detailed physical explanations have been provided for the observed behaviours of the components of the curvature term. Moreover, it has been observed that the closed contributions of T 1 and T 2 (i.e. T 1r and T 2r ) remains negligible in comparison to the unclosed contributions (i.e. T 1ur and T 2ur ). Suitable model expressions have been identified for T 1ur and T 2ur in the context of RANS simulations, which are shown to perform satisfactorily in all cases considered in the current analysis, accounting for the variations in Ka, Re t , τ and Le.
INTRODUCTION
Flame Surface Density (FSD) based reaction rate closure is one of the most popular methods of turbulent premixed combustion modelling in the context of Reynolds Averaged Navier Stokes (RANS) simulations [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . In the context of FSD based formulation, the closure of reaction rate translates to the modelling of flame surface area to volume ratio [13] . In RANS simulations the FSD is either evaluated using an algebraic expression [1] or a modelled transport equation for FSD is solved alongside other modelled Favre averaged conservation equations [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . However, recently Richard et al. [14] demonstrated that algebraic models may not be adequate for simulating incylinder processes in Spark Ignition (SI) piston engines. Therefore, it may be necessary to consider a modelled FSD transport equation for simulating turbulent premixed flames under some conditions. Moreover, despite ever increasing computational power and capacity, Large Eddy Simulations (LES) are still not routinely used in industrial calculations due to large computational costs associated with it, and, consequently, RANS is still the most commonly used simulation method for industrial engineering problems. The accurate modelling of the chemical reaction rate is a necessity for highfidelity Computational Fluid Dynamics (CFD) simulations, which play important roles in the development of new generation energy-efficient and low-pollution SI engines and Lean Premixed Prevaporaised (LPP) gas turbines. Thus, it is important to have highfidelity models for FSD transport in the context of RANS simulations. The FSD transport equation has a number of unclosed terms, and previous analyses [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] indicated that the terms due to fluid-dynamic straining and flame curvature act as leading order contributors to the FSD transport. The current analysis focuses only on the statistical behaviour and modelling of the curvature term in the FSD transport equation in the context of RANS simulations. Interested readers are directed to Refs. [4, [6] [7] [8] 10] for the discussion on the strain rate term in the FSD transport equation. The fine-grained FSD is defined as [15] : (1) where c * is the value of the reaction progress variable c isosurface that is taken to be the flame surface. Based on the fine-grained definition given by eqn (1) the FSD can be expressed as: (2) where the over-bar indicates a suitable Reynolds averaging operation. According to eqns (1) and (2) , Σ is dependent upon the choice of c * . The concept of the fine-grained FSD is strictly valid in the context of the corrugated flamelets regime combustion where the statistics of the FSD are independent of the choice of c * as the c isosurfaces remain
c c c δ( ) parallel to one another. However, in the thin reaction zones regime [16] combustion, the preheat zone is significantly perturbed by the turbulent fluid motion and thus, the reaction progress variable c isosurfaces do not remain parallel to each other, and the statistics of |∇c| are found to be dependent on the choice of c * [17] [18] [19] [20] . Hence, the value of c * will have a significant effect on the behaviour of the FSD if it is defined based on its fine-grained description (i.e. eqn (1) ). In order to avoid such difficulties, a generalised FSD Σ gen is often used, which is defined in the following manner [21, 22] :
Equation (3) suggests that the generalised FSD Σ gen is not dependent upon choice of c * .
The generalised FSD Σ gen is often used in order to model the mean reaction rate in the following manner [21] : (4) where ρ is the gas density, is the displacement speed and indicates a surface averaging operation of a general quantity Q [5, 21] . In the context of RANS simulations and therefore eqn (4) suggests that the accurate prediction of Σ gen enables the closure of provided the statistical behaviour of the surface averaged density-weighted displacement speed (i.e. ) is satisfactorily accounted for. The generalised FSD Σ gen can be modelled using either an algebraic expression in the c transport equation or a modelled transport equation for Σ gen is solved alongside other modelled conservation equations. The algebraic models may perform satisfactorily where the generation and destruction rates of Σ gen are in equilibrium. However, this assumption may be rendered invalid in unsteady reacting flows (e.g. combustion instabilities) and therefore, it may be necessary to solve a modelled transport equation for Σ gen . The exact transport equation for the generalised FSD (i.e.
) is given by [9, 11, 12, 15, 18] : is the local flame normal vector (which points towards the reactants), and D is the progress variable diffusivity. The reaction progress variable c can be defined in terms of a suitable reactant mass fraction Y R in such a manner that it increases monotonically from zero in unburned gases to unity in fully burned products. In eqn (5) , the first term in the left hand side is the transient term, whereas the second term represents the effects of mean advection. All of the terms in the right hand side of eqn (5) are unclosed and, hence, require modelling. The first term in the right hand side of eqn (5) accounts for the effects of turbulent transport, the second term accounts for the flame area generation due to tangential strain rate (i.e.
) and the third term originates due to flame normal propagation and thus is commonly referred to as the propagation term. The final term on the right hand side of eqn (5) (i.e.
) arises due to curvature (according to this convention a flame element, which is convex towards the reactants, has a positive curvature) and thus is commonly referred to as the FSD curvature term. In the current study, a-priori DNS modelling of the curvature term of the generalised FSD transport equation will be addressed in detail. The RANS modelling of the FSD strain rate term for different values of global Lewis number Le and heat release parameter (where T ad , T 0 and T are the adiabatic flame, unburned gas and instantaneous dimensional temperatures, respectively) spanning both the corrugated flamelets and thin reaction zones regimes of combustion have been addressed elsewhere and interested readers are referred to Cant et al. [2] ; Candel et al. [3] ; Duclos et al. [4] ; Prasad and Gore [8] ; Katragadda et al. [10] and Chakraborty and Cant [11, 12] for further discussion on this topic.
Peters [16] 
ρ ρ and and modelling of the FSD curvature term in the context of RANS simulations are yet to be addressed in detail and the present paper aims to address this gap in the existing literature. In order to investigate these effects on the statistical behaviour and modelling of the FSD curvature term in the context of RANS simulations, a database of threedimensional compressible Direct Numerical Simulations (DNS) of turbulent premixed flames has been considered.
In the current study, a-priori assessment of the models for the FSD curvature term has been carried out where the quantities, which appear as the input parameters to the model expressions, were extracted from DNS data. The main objectives of this study are, as follows: 1. To demonstrate and explain the statistical behaviours of the curvature term of the FSD transport equation in the context of RANS simulations. 2. To identify the models which satisfactorily capture the statistical behaviour of the curvature term of the FSD transport equation for the purpose of RANS simulations. The remainder of the paper will take the following form. The relevant mathematical background will be discussed in the next section, which will then be followed by a brief discussion on numerical implementation. Following this, the results will be presented and subsequently discussed. Finally, the main findings will be summarised and conclusions will be drawn.
MATHEMATICAL BACKGROUND
Direct Numerical Simulations (DNS) of turbulent combustion should, ideally, account for both the inherent three-dimensionality of turbulence and the detailed chemical structure of the flame. However, until recently, combustion DNS studies were limited by being carried out either in two-dimensions with detailed chemistry, or in three-dimensions with simplified chemistry. Three-dimensional DNS of turbulent combustion is now possible but such simulations remain extremely computationally expensive [23] and often are not suitable for a detailed parametric analysis as carried out in this work. As such, a threedimensional DNS database with simplified chemistry has been considered here for the sake of computational economy. In the context of simplified chemistry, the species field can be represented, uniquely, by a reaction progress variable c which can be defined in terms of a suitable mass fraction (i.e. Y R ) in the following manner: (6) where subscripts 0 and ϰ were used to denote the values in the unburned and burned gases, respectively. In globally adiabatic, low Mach number unity Lewis number flames the reaction progress variable c is the same as the non-dimensional temperature given as:
However, for non-unity Lewis number flames the non-dimensional temperature T may locally assume super-adiabatic values (i.e. T > 1) [17, 24] even under globally adiabatic conditions whereas c is always bounded within 0 and unity (i.e. 0 ≤ c ≤ 1). To understand the statistical behaviour of the FSD curvature term it is useful to split it in the following manner: (8) where and are the reaction and normal diffusion components of displacement speed S d = (S r +S n ) -2Dκ m [25] [26] [27] . The term T 1 represents the curvature term due to (S r +S n ) whereas T 2 arises due to tangential diffusion component of S d (i.e. S t = -2Dκ m ). According to the scaling arguments of Peters [16] the relative contribution T 1 (T 2 ) is likely to weaken (strengthen) with increasing Ka. Moreover, as the curvature dependence of the displacement speed S d is influenced by the Karlovitz number Ka, the contribution of T 1 and T 2 is likely to be dependent on turbulent Reynolds number . These issues will be addressed in a more detailed manner in Section 4 of this paper. Equation (8) suggests that the term T 2 is deterministically negative whereas the term T 1 depends on the nature of the correlations between (S r +S n ) and κ m and between |∇c| and κ m . For the purpose of modelling, the terms T 1 and T 2 can further be split in the following manner:
where the terms T 1r and T 2r (T 1ur and T 2ur ) are the closed (unclosed) components of T 1 and T 1 , respectively, and is the i th component of surface averaged flame normal vector. It should be noted that the word "closed" is used for the terms which do not require modelling whereas the word "unclosed" is used to refer to the terms, which require modelling in the context of the RANS simulations. In Libby (BML) relation [28] for unity Lewis number flames with Da >> 1 where the probability of finding reacting mixture remains negligible and g approaches to unity (i.e.
). The BML expression can be derived based on a presumed probability density function (pdf) for the reaction progress variable, c, consisting of weighted delta functions at c = 0 and c = 1. The BML formulation assumes a thin reacting surface within the flow and thus the probability of finding reacting mixture is negligible in comparison to obtaining either unburned reactants or fully burned products. This approach is appropriate in the corrugated flamelets regime where the chemical timescale remains smaller than the turbulent timescale (i.e. Da >> 1) and the likelihood of finding reacting mixture is small in comparison to obtaining either unburned reactants or fully burned products. Therefore, performs satisfactorily in case A (which belongs to the corrugated flamelets regime). However, in cases B-L the chemical timescale remains either greater than or comparable to the turbulent timescale (i.e. Damköhler number Da is either smaller than or close to unity) and thus the probability of finding reacting mixture is no longer negligible in comparison to finding either c =0 or c =1. The extent of departure of the progress variable pdf from the bi-modal distribution can be quantified in terms of the segregation factor , which assumes a value equal to 1.0 (i.e. g = 1.0) for the bi-modal distribution, and g decreases in comparison to 1.0 (i.e. g < 1.0) with increasing departure from the bi-modal distribution with weighted delta functions at c = 0 and c = 1. It was demonstrated in Refs. [10, 11] that the BML relation does not accurately capture the variation of c -with c for . It has been demonstrated in Refs. [10, 11] that c -obtained from DNS data for low Damköhler number (i.e. Da < 1) non-unity Lewis number flames could be captured if a smaller value of the heat release parameter τ is used in [11] . The expression is strictly valid for Le = 1 flames with Da >> 1, but the effects of heat release are stronger in flames with lower Lewis number. The above conditions have been taken into account while proposing and interested readers are referred to Refs. [10, 11] for more detailed discussion on this. , Prandtl number Pr and the ratio of specific heats (i.e. β = 6.0, Pr = 0.7, γ = C p / C v = 1.4), where T ac is the activation temperature. It should be noted that the simulation parameters have been chosen in such a manner that combustion in case A (cases B-L) takes place in the corrugated flamelets (thin reaction zones) regime [16] . In the current study, the chemical mechanism is represented by a single-step irreversible Arrhenius-type expression where the reaction rate of progress variable is given by: [29] where B * is the normalised pre-exponential factor, which is taken to be ,
for cases A, B, C, D, E, F, G and H-L respectively
where α T0 is the thermal diffusivity in the unburned gas. However, it should be noted that the "fuels" considered in the current study are generic due to the simplification of chemistry and care should be taken when attempting to compare the results of the current study with more detailed chemical mechanisms. However, it can stated that the unity Lewis number flames are analogous to the stoichiometric methane-air flames, whereas the Lewis number 0.34 case (i.e. case C) is representative of a lean hydrogenair mixture. The Lewis number 0.6 and 0.8 cases (i.e. cases D and E, respectively) are representative of hydrogen-blended methane-air mixtures and the Lewis number 1.2 [30] ). Case A is taken from a well-known DNS database [31] which was used extensively in the past for the analysis of turbulent premixed combustion in the corrugated flamelets regime [10, 27, 32, 33] . Cases B-L have been simulated using a well-known compressible DNS code called SENGA [34] which has been used successfully in a number of previous analyses [10] [11] [12] [13] [17] [18] [19] [20] 27] , where the standard conservation equations of mass, momentum, species and energy have been solved in non-dimensional form.
Modelling of the curvature term in the flame surface density transport equation: a direct numerical simulations based analysis
95α T0 /S L is taken for case A, which is discretised by a Cartesian grid of 261×128×128 with uniform grid spacing in each direction [31] . In case A, inlet and outlet boundaries are specified in the mean direction of flame propagation, whereas transverse boundaries are taken to be periodic. In cases
The domain boundaries in the direction of mean flame propagation in cases B-L are taken to be partially non-reflecting and the transverse boundaries are assumed to be periodic. For all cases the grid resolution is determined by the resolution of the flame structure, and about 10 grid points are kept within δ th for all cases considered here.
Different numerical methods were used for cases A and B-L as they are simulated using different DNS codes. In case A, a 6 th order central-difference scheme has been used for spatial discretisation for the internal grid points in the direction of mean flame propagation, which gradually reduces to an one-sided 4 th order scheme near nonperiodic boundaries whereas a spectral method is used for spatial discretisation normal to the mean direction of flame propagation [31] . In cases B-L, a 10 th central difference scheme is used for the internal grid points and the order of differentiation gradually reduces to a 2 nd order one-sided scheme near non-periodic boundaries. No filter was needed for stabilizing the numerical solution for all cases considered here. The time advancement for all viscous and diffusive terms in case A is carried out using an implicit solver, whereas the convection terms in case A and all the terms in cases B-L are time advanced using a low-storage third order Runge-Kutta method [35] . It should be noted that in all cases both the smallest length and time scales of turbulence and chemistry are adequately resolved. Thus, the choice of spatial and temporal numerical methods does not appreciably affect the results presented here.
For all cases, the flame is initialised by a steady unstrained planar laminar flame solution and the turbulent fluctuating velocity field is initialised using an incompressible homogeneous isotropic velocity distribution, which is generated using a standard pseudo-spectral method proposed by Rogallo [36] . The flow field responds to the density and temperature fields induced by the combustion process within a few Kolmogorov time scales and turbulent velocity field statistics in the unburned and burned gases are found to be different in all cases when the statistics were extracted. Interested readers are referred to Refs. [37] [38] [39] for more information on conditional velocity statistics in the unburned and burned gases for cases A-G.
In all cases flame-turbulence interaction takes place under decaying turbulence and thus the simulations need to be carried out for t sim ≥ Max (t f , t c ), where t f = l/u' is the initial eddy turn-over time and t c = δ th /S L is the chemical time scale. The simulation in case A was run for about 4t f , whereas cases B-G was run for a time equivalent to 3.34t f . The simulation time remains either greater than (case A) or equal to (cases B-L) one chemical time scale t c . The simulation time remains either comparable to or greater than that used in several previous studies [9, [40] [41] [42] [43] . The turbulent kinetic energy and its dissipation rate in the unburned gas ahead of the flame were not varying significantly with time when statistics were extracted for all cases. Interested readers are referred to Chakraborty and Cant [11, 12] and Chakraborty et al. [44, 45] for further information on temporal evolution of global burning rate (see Figs. 2e and 1d in Refs. [11] and [44] respectively) and the statistical behaviours of displacement speed (Refs. [44, 45] ) and FSD transport (Refs. [11, 12] ) in cases B-L when statistics were extracted. Further information on the statistical behaviours of displacement speed and FSD transport for case A can be found in Refs. [10, 27] .
The simulations have been carried out for a number of different random seeds corresponding to the initial condition mentioned in Table 1 . The Reynolds/Favre averaged values have been evaluated by ensemble averaging the relevant quantities in transverse directions (i.e. x 2 -x 3 planes, as these directions are statistically homogeneous for statistically planar flames) for the ensemble of individual DNS realizations corresponding to a given set of initial conditions. Similar procedure of Reynolds/Favre averaging has been done in several previous studies [9] [10] [11] [12] [31] [32] [33] . The statistical convergence of the Reynolds/Favre averaged quantities are examined by comparing the corresponding values obtained using half of the sample size in the transverse directions using a distinct half of the domain, with those obtained based on full sample size. Both the qualitative and quantitative agreements between these sets of values are found to be satisfactory [11] . In the next section, only the results obtained based on full sample size will be presented. For statistically planar flames c remains a unique function of x 1 thus all the statistics in Section 4 will be presented as a function of c.
RESULTS & DISCUSSION
The contours of the reaction progress variable c in the central x 1 -x 2 plane when statistics were extracted are shown in Fig. 1 for cases A -L. In case A the contours of c remain parallel to each other as a consequence of the corrugated flamelets regime combustion. In the corrugated flamelets regime the energetic turbulent eddies are unable to penetrate into the flame and the flame wrinkles due to the large-scale turbulent fluid motion. However in cases B -L the contours of c are found to be 0.7 ≤ c ≤ 0.9) remain parallel to each other for all cases. In cases B -L, where combustion takes place in the thin reaction zone regime, the energetic turbulent eddies penetrate into the flame, as the flame thickness remains greater than the Kolmogorov length scale though the reaction zone retains its quasi-laminar structure due to η > δ r where η and δ r are the Kolmogororv length scale and the reaction zone thickness respectively. 
Figure 1:
Contours of c in x 1 -x 2 midplane when statistics are extracted for cases The effects of Lewis number on the flame structure can be seen from Figs. 1c-g, which shows that the extent of the flame wrinkling increases as the Lewis number Le decreases. As the global Lewis number Le decreases, the reactants diffuse more rapidly into the reaction zone than the rate at which heat is conducted out of the flame, which leads to simultaneous presence of both high concentration of reactants and high temperature. As a result, the cases with Le < 1 exhibit greater burning rates than the unity Lewis number flames with same turbulent flow parameters in the unburned gas. By contrast, just the opposite mechanism in terms of reactant and thermal diffusion takes place for Le > 1 flames, which reduces the flame area generation and burning rate in these flames in comparison to the corresponding unity Lewis number flames with same unburned gas turbulence. This gives rise to increased burning rates and flame area generation with decreasing Le, which can be substantiated from Table 2 Table 2 ). 
T 2ur ( ) and (T 1 + T 2 ) = ( ) with for all cases, where curvature terms were normalised with respect to. S L /δ 2 th .
with c ∼ is presented in Fig. 3 a and b - leading to the increased magnitudes of T 2 and T 2ur . The extent of flame wrinkling can be characterized by the wrinkling factor Ξ, which can be defined as follows: (10) The variations of Ξ with c ∼ for all the cases considered here are shown in (Figs. 4c and d) for cases A -G and H -L, respectively for c = 0.1, 0.3, 0.5, 0.7 and 0.9 isosurfaces. It is found that both (S r + S n ) and |∇c| remain positively (negatively) correlated with curvature for the Le < 1 (Le > 1) flames in the thin reaction zones regime. Both (S r + S n ) and |∇c| also remain positively correlated with κ m in case A, which represents the corrugated flamelets regime combustion. The physical explanations for the differences in κ m response of (S r + S n ) and |∇c| due to the variation of Le, Re t and the regime of combustion have been discussed elsewhere [17, 19, 27, 45] and will not be repeated here, and only the modelling of T 1ur and T 2ur will be addressed in this paper. negative correlations (S r + S n ) and |∇c| with κ m in Le > 1 flames (e.g. case G in this analysis). In case A the positive contribution of T 1 is almost nullified by the negative contribution of T 2 to give rise to a negligible value of the net FSD curvature term (see Fig. 2a ), whereas the positive (negative) contribution of T 1 (T 2 ) supersedes the negative (positive) contribution of T 2 (T 1 ) towards the unburned (burned) gas side of the flame brush to yield positive (negative) values of the FSD curvature term towards the unburned (burned) gas side of the flame brush in cases C and D (see Fig. 2c and d) . By contrast, the negative values of T 2 dominate over the positive values of T 1 in cases B, E-L which leads to a negative contribution of (T 1 +T 2 ) throughout the flame brush (see Figs. 2b, e-l). This is consistent with the scaling arguments by Peters [16] , which suggests that T 2 is expected to dominate over T 1 for high values of Ka (i.e. Ka > 1) for unity Lewis number flames. The above discussion indicates that the modelling of T 1ur depends on the statistical behaviours of and (S r + S n ) (see eqn (9i)) which can be scaled in the following manner: (11) According to eqn (11) the term T 1ur scales as: , which is utilised here to propose the following model for T 1ur : (12) where β 1 , c * and are the model parameters. The model parameter c * is responsible for the transition of T 1ur from positive to negative values for the flames with Le ≈ 1.0 (e.g. cases B, E -L). However, the parameter c * needs be a function of the Karlovitz number, in order to capture regime effects because Re t values for cases A, B, F and J are comparable but there are significant differences between the statistical behaviours of T 1ur in between case A and cases B,F and J. Similarly c * must also be a function of Le as the qualitative behaviour of T 1ur is significantly affected by Le (see Figs. 2c-g ). Moreover, Re t also have some influences on the strengths of (S r + S n ) -κ m and correlations [45] , which in turn affect the transition from positive to negative value of T 1ur from the unburned to burned gas side of the flame brush (see Figs. 2h-l) . Thus, c * is also expected to have Re t dependence. The function in eqn (12) is used to capture the qualitative behaviour of T 1ur across the flame brush, and the model parameter β 1 accounts for the magnitude of the term T 1ur . In eqn (12) , ensures that the model for T 1ur vanishes when the flow is fully
resolved. Based on the current database the model parameters c*, β 1 and take the following form:
where is the local Karlovitz number and is the local turbulent Reynolds number. The model parameter c* approaches an asymptotic value for large values of Re L (i.e.
). As the probability of finding high values of (S r + S n ) and |∇c| increases with decreasing Le and thus the magnitudes of T 1 and T 1ur increase with decreasing Le (see Figs. 2c-g) . Accordingly, the model parameter β 1 is proposed in such a manner that it increases with decreasing Le. The effects of T 1 and T 1ur , as they are arising from (S r + S n ), are expected to diminish with increasing Karlovitz number according to the scaling arguments by Peters [16] and the parameterisation of β 1 in terms of Ka L (see eqn (13i)) satisfies that. It is worth noting that the numerical values of the parameterisation proposed in eqn (13) are evaluated using an optimisation process based on a least-squares method. However, the parameterisation given by eqn (13) is not unique and any other parameterisation which follows the expected trends in terms of Re L , Ka L and Le is equally valid. The variation of T 1ur with c along with the prediction of eqn. (12) are shown in Fig. 5 for all cases considered here, which demonstrate that eqn (12) provides reasonably satisfactory prediction of T 1ur for all cases considered here except an underprediction of T 1ur in case D. 
The above scaling is used to propose a model for T 2ur as: (15) where β 2 and n are the model parameters. Based on the current DNS database the following parameterisation is proposed for the model parameters:
According to eqn (16i) β 2 increases with increasing (decreasing) Re L (Le) as the probability of finding κ 2 m increases with increasing (decreasing) turbulent Reynolds number (Lewis number) (see Figs. 3a and b) . However, β 2 approaches an asymptotic value for large values of Re L (i.e. → ∞) as the model needs to be Reynolds number independent for high values of Reynolds number. The magnitudes of T 2 and T 2ur increase for small values of Le (see Figs. 2c-g ), as the probability of finding high values of κ 2 m and |∇c| increases with decreasing Le [11] . Thus, n is parameterised in such a 
International journal of spray and combustion dynamics · Volume . 6 · Number . 2 . 2014 manner that the exponent n increases with decreasing Le. It is worth noting that the numerical values of the parameterisation proposed in eqn. (16) are evaluated using an optimisation process based on a least-squares method. Moreover, the parameterisation given by eqn (16) is not unique and any other parameterisation which follows the expected trends in terms of Re L , Ka L and Le is equally valid. Recently Hawkes et al. [46] proposed a model for T 2 which takes the following form:
where β H is a model parameter and D eff is an effective diffusivity which is expected to approach to the mass diffusivity for low Da combustion [46] . The variation of T 2 with c is shown in Fig. 6 along with the predictions of the model given by eqn. (15) 
Σ gen but eqn (17i) does not satisfy that. However, T 2r  << T 2ur  and thus eqn (17i) can be modified in the following manner which leads to
The predictions of eqn (17iii) for β H given by eqn (17ii) are shown in Fig. 6 , which shows that the predictions of eqn (17iii) remain similar to that of eqn (17i) as T 2r << T 2  in all cases. In eqn (17iii) the model proposed by Hawkes et al. [46] (see eqn (17i)) acts as a model for T 2ur instead of modelling T 2 . It is clear from Fig. 6 that the prediction of eqn (17iii) remains comparable to that of - (15)) for the flames representing the thin reaction zones regime combustion (i.e. cases B-L) but eqn (17iii) significantly underpredicts the magnitude of T 2 for case A, which represents the corrugated flamelets regime combustion. factor. According to eqn (18) the right hand side becomes when the flow is fully resolved. Veynante et al. [7] proposed the following model for the FSD curvature term in the context of Coherent Flamelet Model (CFM): (19) where β 3 and c 0 are the model parameters, which are taken to be 0.4 and 0.5 in the analysis by Veynante et al. [7] . Note that the right hand side of eqn. (19) does not tend to when the flow is fully resolved.
The complete model for the curvature term (T 1 +T 2 ) for the FSD transport equation takes the following form when the models given by eqns (12) and (15) are combined: (20) The predictions of eqns (18) (19) (20) are compared with obtained from DNS data in Fig. 7 , where the prediction of eqn. (19) is shown for β 3 = 0.4 and c 0 = 0.5 according to Veynante et al. [7] . Figure 7 shows that eqn (18) values towards the unburned gas side of the flame brush for flames with Le << 1 (e.g. cases C and D, see Fig. 7 ). The models given by eqns (18) and (19) were originally
proposed for the corrugated flamelets regime combustion so it is perhaps not surprising that they do not perform well for the thin reaction zones regime flames. It has been found that eqn (19) reasonably captures the behaviour of when CFM model is modified in the following manner: Variations of T 1 (T 1 + T 2 ) = ( ) with c across the flame brush along with the predictions of eqn (18) 
The magnitude of (T 1 + T 2 ) ≈ (T 1ur + T 2ur ) increases with decreasing Le (see Figs. 2c-g) and this is accounted for in the parameterisation of β 3 (see eqn (21ii)) which ensures an augmentation of the magnitude of (T 1ur + T 2ur ) for small values of Le. The actual location of the transition of (T 1 + T 2 ) ≈ (T 1ur + T 2ur ) from positive to negative value depends on Le and Re L , and thus c 0 is parameterised in terms of Le and Re L . Using eqn (17iii) it is also possible to propose an alternative model for in the following manner: (22) The predictions of the model given by eqns (21) and (22) are also shown in Fig. 7 . Figure 7 demonstrates that eqns (20) and (21) and eqn (17iii) remain comparable in these cases (see Fig. 6 ). However, the magnitude of the negative contribution of T 2 in case A is significantly underpredicted by eqn (17iii) (see Fig. 6 ) and thus eqn (22) overpredicts by a large margin and predicts large positive values of (T 1 + T 2 ) due to positive contribution T 1 of (see Fig. 5 ). Figure 7 suggests that the performances of eqns (20) and (21) remain either better than or comparable to the models given by eqns (18) , (19) and (22) for all cases considered here. It is worth stressing that the influences of Le, Re t , τ and the regime of combustion on the FSD curvature term have not yet been investigated as extensively as done in this analysis, to the best of the knowledge of the authors. Accordingly, the analysis reported in the present paper is the first of its kind. It is admitted that a limited range of values of Da, Ka and Re t has been considered here, but often a few DNS cases with much smaller parameter range than the current analysis were used previously for the development of models in the existing literature (e.g. Refs. [9, 21, 33, 40] ) and thus this analysis considers a wider range of parameters than available in current literature. It should be noted that the physics that must be captured, when considering the curvature term of the FSD transport across a range of Le, Re t , τ, Da and Ka, is complex. Therefore, it is not unexpected that a number of parameters are required for the models given by eqns (13) and (16) . Therefore, even if eqns (13) and (16) are considered to be empirical fits to the DNS data, such fits seem to have a value like any new experimental or DNS result that shows an effect that is yet to be analysed. Moreover, the current analysis offers a comparison of performances of the existing models of the FSD curvature term for a range of different values of Le, Re t , τ, Da and Ka. This information is not readily available in existing literature, and thus this analysis can help CFD practitioners to make a judicial choice of the FSD curvature term model for the purpose of RANS simulations of premixed turbulent combustion.
CONCLUSIONS
A DNS database of freely propagating statistically planar turbulent premixed flames with a range of different values of Karlovitz number Ka, heat release parameter and global Lewis number Le has been used to carry out a-priori assessment of the RANS models for the curvature term in the generalised FSD transport equation. In order to propose a model for for both the corrugated flamelets and thin reaction zones regimes, the statistical behaviours of the curvature contributions to the FSD transport due to the combined reaction and normal diffusion components of displacement speed and the tangential diffusion component of displacement speed (i.e. T 1 and T 2 ) have been examined separately. It has been shown that the curvature term arising due to the tangential diffusion component of displacement speed T 2 remains negative throughout the flame brush for all cases considered here. The curvature term due to the combined reaction and normal diffusion components of displacement speed T 1 is shown to be significantly dependent on the regime, turbulent Reynolds number and the global Lewis number of the prevailing combustion process. It has been found that T 1 remains mostly positive for the flames representing the corrugated flamelets regime and also for the thin reaction regime flames with Le << 1.0, whereas this term remains positive (negative) towards the unburned (burned) gas side of the flame brush for the thin reaction zones regime flames with Le ≈ 1.0. This difference in the statistical behaviour of the curvature term T 1 originates due to the influences of the combustion regime and global Lewis number Le on the curvature responses of (S r + S n ) and | ∇c |. New models have been proposed for the unclosed components of the curvature terms T 1 and T 2 (i.e. T 1ur and T 2ur ) in the context of RANS, which are shown to capture qualitative and quantitative behaviours of the FSD curvature term for all cases considered here. The performance of the newly developed model has been found to be either comparable to or better than the existing models for the FSD curvature term.
The present analysis has been carried out using a simple chemistry based DNS database with a moderate range of values of turbulent Reynolds number Re t . It is worth noting that the local Re L dependences in eqns. (13) and (16) are only needed for flames with turbulent Reynolds number Re t ≤ 50 (e.g. cases A-J) and these parameterisations have been found to work well for cases with higher values of Re t (e.g. cases K and L where Re t ≈ 100) where the model parameters in eqns. (13) and (16) become independent of Re L . A similar behaviour has been reported earlier in Ref. [12] . This suggests that the models proposed here have the potential to be valid for higher values of Re t but further validations will be required based on experimental and threedimensional detailed chemistry based DNS data for higher values of Re t .
There have been several analyses in the past [5, 9, 21, 31, 40, 43] where modelling has been carried out only by a-priori analysis of DNS data and the same approach has been undertaken here. The experimental measurements of the FSD curvature term in threedimensions are rare in the existing literature, so it is difficult if not impossible to carry out direct experimental comparison/validation. It is important to note that the curvature term is one of the unclosed terms of the FSD transport equation, and in an actual RANS simulation all the unclosed terms of the FSD transport equation interact with each other.
Moreover, the quantities, such as k ∼ and ε ∼ , also act as input parameters to the models for the unclosed terms of the FSD transport equation, and thus turbulence models also interact with combustion models in actual RANS simulations. In addition to this, the numerical scheme used in the RANS code is expected to influence the simulation predictions. Thus, it is not straightforward to assess the performances of the curvature term of the FSD transport equation (or any particular unclosed term) in isolation. A model, which does not perform well based on a-priori analysis, is unlikely to perform well in actual RANS simulations, but the models which yield satisfactory performance based on a-priori DNS analysis need to be implemented in actual RANS to assess whether they perform well while interacting with the models of the other unclosed terms, turbulence models, and numerical schemes. This necessitates a detailed aposteriori assessment of the newly developed models based on actual RANS simulations for a configuration for which well-documented experimental data is available.
A-posteriori analysis of the newly proposed models is beyond the scope of the current analysis but the following steps must be taken into account for any future aposteriori assessment of the FSD curvature term models based on actual RANS simulations. The modelling inaccuracies for the unclosed terms of the FSD transport equation interact with each other and in an actual RANS simulation the numerical errors can potentially interact with modelling inaccuracies in a complicated manner. Thus, the results of a-posteriori analysis are likely to be only specific to the RANS code used for that analysis. It is instructive to identify a number of model expressions for the unclosed terms (e.g. strain rate, turbulent transport, curvature, and propagation terms in eqn (5)) of the FSD transport equation based on a-priori DNS analysis. Different combinations of the models for the FSD transport equation in turn need to be used for the purpose of a-posteriori analysis based on actual RANS simulations. For example, different preferred model expressions for the curvature term, identified using a-priori analysis, can be used for a given set of models for the strain rate, turbulent transport and propagation terms, where the models for these terms are also identified as the satisfactory model expressions based on a-priori DNS analysis. This exercise will provide information about the preferred combination of the model expressions for the unclosed terms of the FSD transport equation for a given numerical scheme. The aforementioned analysis should be accompanied by the analysis of the effects of numerical schemes on the prediction of the FSD based reaction rate closure, where the preferred combination of the models for the various terms is not altered.
It is also possible to derive an algebraic closure of FSD based on the equilibrium of the strain rate and curvature term models which have been identified based on a-priori DNS analysis. This algebraic FSD closure in turn can be used to estimate the turbulent flame speed using Kolmogorov-Petrovsky-Pishkunov (KPP) theorem as done by Kolla et al. [48] in the context of scalar dissipation rate closure. However, the modelling inaccuracies of the strain rate and curvature terms can nullify each other to produce a correct turbulent flame speed, whereas individually the models for the strain rate and curvature terms can be error. Moreover, there is a large amount of scatter of experimental measurements of turbulent flame speed so it is not clear whether the models of the FSD curvature term can be conclusively assessed based on turbulent flame speed predictions.
The above discussion indicates that a-posteriori analysis based on RANS simulations only for the curvature term in isolation is not straightforward, and an analysis equipped by the FSD transport equation term models, which are known to perform well based on a-priori DNS analysis, is likely to be the most comprehensive and informative option for the CFD practitioners interested in turbulent reacting flows. Such an analysis will require many RANS simulations in a configuration with practical relevance, which merits a separate analysis in comparison to the current study. However, the present analysis contributes to the ultimate goal of conducting comprehensive a-posteriori assessment of FSD based closure.
